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Abstract 

We develop a general gauge invariant construction of the one-loop effective action 
for supersymmetric gauge field theories formulated in N = 1/2 superspace. Using 
. manifestly covariant techniques (the background superfield method and proper-time 

representations) adopted to the M =1/2 superspace we show how to define unam- 
biguously the effective action of a matter multiplet (in fundamental and adjoint 
representations) and the vector multiplet coupled to a background J\f = 1/2 gauge 
superfield. As an application of this construction we exactly calculate the low- 
energy one-loop effective action of matter multiplet and SU(2) SYM theory on the 
Abelian background. 
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1 Introduction 

Recently it was shown that the low-energy limit of superstring theory in the self-dual 
graviphoton background field F a " leads to a four-dimensional supersymmetric field theory 
formulated in the deformed M = 1 superspace with fermionic coordinated satisfying the 
relation 

{6 a ,6 f3 } = 2a 2 F aP = 2C aP . (1) 
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The anti-commutation relations of the remaining M = 1 chiral superspace coordinates 
y m , 8 a are not modified. The field theories defined on such superspace can be formulated 
via ordinary superfield actions where the superfields product is defined via the star product 



Here Q a = i-^ + \9 a d a a is the supersymmetry generator. Since the star-product con- 
tains explicitly the supersymmetry generator Q a a half of supersymmetries is broken 
down. Therefore this superspace is called N = 1/2 superspace and the corresponding 
field theories are called M = 1/2 or nonanticommutative (NAC) supersymmetric theo- 
ries. We emphasize that such a superspace deformation is possible only in the Euclidean 
space 1 . 

Renormalization of various M =1/2 supersymmetric theories was discussed in Refs.[4 , 
j^]. One-loop calculations of counterterms in supergauge models were carried out in 
component formalism [S] and in superspace [Zj. It has been found [Hj, that at one loop, 
in the standard class of gauges, the non-gauge-invariant divergent terms are generated. 
However, there exists a non-linear redefinition of the gaugino fields which remove such 
terms and restores the gauge invariance. Moreover a modified version of the original 
pure M = 1/2 Lagrangian has been proposed in jHj. It has a form preserved under 
renormalization and the parameter of nonanticommutativity C a/3 is unrenormalized (at 
least at one loop). The one loop divergences for NAC U(N) gauge theories with the matter 
in the adjoint representation have been studied in Ref. j7j using superfield background 
field method. It was found that the divergent non-gauge -invariant contributions are 
generated, however it was proved that sum of all one-loop divergences is gauge invariant 
without any redefinitions. We point out that practically all results in Af = 1/2 gauge 
theories concerned only structure of divergences, the finite part of effective action has not 
been investigated. 

The gauge invariance of the above results means that at the quantum level super- 
gauge invariance is consistent with NAC geometry and hence there exists a procedure to 
construct the effective action in a form which preserves the manifestly gauge invariance 
and Af = 1/2 supersymmetry. The aim of this paper is to formulate the procedure and 
study some of its applications. We consider Af = 1/2 SYM theory coupled to a matter in 
fundamental and adjoint representations and use the superfield background field method 
(see e.g. jH]) together with superfield heat kernel method ,9j. For evaluation of one- loop 
effective action we also use the special techniques developed in Refs. ^U] adapting it to 
Af = 1/2 superspace. 

The paper is organize as follows. In the Section 2 we formulate the basic properties 
of nonanticommutative star-product and introduce the operators T* and T* which are 
very important for considering the NAC matter in the adjoint representation and pure 
NAC SYM theory. Section 3 is devoted to formulation of the models in superspace and 
superfield background field method. In the Section 4 we describe a calculation of the 
one-loop effective action for the matter in the fundamental representation coupled to an 
external SYM field and find the one-loop effective action on a covariantly constant on- 
shell background. Section 5 is devoted to discussion of the heat kernel techniques and the 
one-loop effective action for the NAC SYM theory. The obtained results are formulated 

^dn the case of extended supersymmetric theories, the various superspace deformations can be con- 
structed in the sector of fermionic coordinates [3] . 
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in the Summary. We do not discuss the details of calculations which are analogous to 
ones in conventional superfield theories (see e.g [Sj, 0, [HI], [H], [12]) and pay attention 
only on the aspects essentially associated with ^-operation. 

2 The properties of ^-product 

The field theories on the Af = 1/2 superspace can be conveniently formulated using a 
notion of symbols of the operators. For any operator function / depending on variables 
9 a satisfying the relations (0) one defines the corresponding Weyl symbol f(9) by the 
rule f — J d 2 7re ne f(n) where /(vr) is the Fourier transform of the symbol f(0): /(n) = 
— J d 2 9e~ ne f(9) (see some details in |13j). The delta function of the anticommuting 
variables 9 is presented as 5(9 — 9') = J d 2 ne n ( e ~ e '\ The set of operator functions forms a 
graded algebra. The in product of two operators /, g is associated with the star-product 
of the corresponding Weyl symbols / • g — J d 2 ire 7Te (f g)(n), where the star-product is 
defined by 



f{0)*9{0) = f(9)ed9« 99^(0) = f.g- (-1)1/1 j^J^ - ^C 2 ||. (3) 

A star-product of exponential factors e e?r * e 9 ^ = e 9n + dt P~ 7T o 1 c al3 i> l 3 a rj ows ^ Q wr jte a star- 
product for two Weyl symbols in the form f *g = f d 2 n e n6 f(9 a + C^iipjgin) , as well as 
the star-products of symbols and delta-function in the form 

f 1 *...*f n *6{6-6')*g 1 *...*g m = (4) 
J d^e^-o'^ftie + Ctt) * . . . * f n (9 + Ctt) * gi (6 - Cir) * . . . * g m {9 - Cn) . 

One can note that the change of variables 9 — > 9 ± Ctt in the chain of the left (right) 
star-products of symbols and delta-functions does not affect on the exponent argument 
because of the property ttCtt = 0, however it simplifies arguments of /j, for example: 

fl*---*fn-l*fn*5(9-9') = J dW^/^) *...*/„_!(#) */„(#) . (5) 

These are the basic properties of the star-products which allows to adopt the rules of 
operation with superfields in the conventional superspace theory for the NAC superspace 2 . 

Using the star-product operation Q we define the star-operators T* and T* by the 
rule 

^ = ^(- + ^ 1) ) = cosh(A^A), T; = i(,-^))=sinh(-A^A) (6) 

where means with replacement C — > —C. There is the Leibniz rule for T* s 

products V A (fT*g) = (V A f)T*g+fT*V A g and the Jacoby identity fT*gT*h+hT* fT*g+ 
gT*hT*f = for integrand. It is easily to understand that any chain of T*-products is 
the total derivative 

fT* s g = {-lf\d a {fC aP d p g). (7) 

Further we will see that the operators T* and T* are very important for evaluation of 
effective action for fields in adjoint representation. 

2 See some analogous rules in noncommutative non-supersymmetric field theory in Jl] 
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3 SYM theory coupled to the chiral matter in J\f = 
1/2 superspace and the background field method 



The JV = 1/2 SYM theory in four dimensional superspace with explicitly broken super- 
symmetry in the antichiral sector can be defined on a Af = 1 superspace [2] as straightfor- 
ward generalization of the standard construction (see e.g. jH], 0) by introducing the NAC 
(but associative) star-product ©• The gauge transformations of (anti)chiral superfields 
in fundamental representation are given in terms of two independent chiral and antichiral 
parameter superfields A, A as follows 

Gauge fields and field strengths together with their superpartners can be organized into 
superfields, which are expressed in terms of a scalar superfield potential V in the adjoint 
representation of the gauge group. The gauge transformations of V look like 

er=ef*er*er A 

Studying of component structure of supergauge theories is simplified with the help of 
Wess-Zumino (WZ) gauge. It was shown [2] that the commutative gauge transformation 
does not preserve the WZ gauge because of the properties of ^-product and one needs 
to perform an additional C-dependent gauge transformation in order to recover the WZ 
gauge. Therefore the supersymmetry transformations of the component fields receive a 
deformation stipulated by the parameter of nonanticommutativity C a ^ . 

In the gauge chiral representation the constraints for the superspace covariant deriva- 
tives are solved by 

V A = D A - iT a = (e; y * D a el, D a , -i{W a , *V d }) (8) 

and the corresponding superfield strengths are given by the deformed algebra of the 
covariant derivatives 



W a a = [V a ,*Vd], [Vd, *Vflj] = [V a , *V^] = 6 a/3 W 'fi (9) 

The superfields W a , W a satisfy the Bianchi's identities V a * W a + V a * W a = 0. We pay 
attention that the superstrengths W a and W a include the parameter of nonanticommu- 
tativity C a P by definition. 

Classic action for M = 1/2 SYM theory is written using superfield strengths W a and 
W a as follows 

S = At I d 6 ztiW a W a + At I d 6 ztrW & W a . (10) 
V J 2g 2 J 

One can check that the action (jlOj) can be written in the form [2] 

J d 2 6trW 2 = J d 2 6trW 2 \ c=0 + j d 4 x ti{-iC aP f a f\ 2 - ^C 2 (X 2 ) 2 ) . (11) 
Here IV|c=o is the superfield strength of the conventional SYM theory. 
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Variation of the classic action 
5S = -Itr J d s z [(e; y * D^), ( e ; y * Se^)] *W a = -^J d 8 z {AV), * (V Q * W a ) , 

leads to classical equations of motion in superfield form 

V Q *W a = 0. (12) 

The dynamics of chiral scalar matter in the (anti)fundamental representation of the 
gauge group minimally coupled to the gauge field is described by the action 

S = J d 8 z$ f *eV*<$> f + J d 8 z$ f -*e- v *& f + J d 6 zW*{$f,$ f ) + J d 6 zW*{$ f ,&f) , 

where <&, $ are chiral superfields and $, $ antichiral superfields. The kinetic action for 
the adjoint representation of the matter fields is 

S = J d 8 z Tr(e~ v * $ * e^ * $) . (14) 

The component field redefinition analogous to the Seiberg-Witten map in noncommutative 
non-supersymmetric theories, such that these fields transform canonically under the gauge 
transformation was found in [2]. 

In order to formulate the superfield background field method |S], [H] for NAC SYM 
theories we have to perform the background-quantum splitting e]f — > e^*e^ (or — > e^* 
e*) where fl, (fl), v are the background and quantum superpotentials respectively Then 
we have to write the covariant derivatives in gauge- (anti) chiral representation as V a = 
e~ v * V a * e", Va = D a (V Q = D a , V a = e^ * V Q * e~") with the standard transformation 
rules in respect to two gauge transformations types (quantum and background). The 
covariantly (anti)chiral superfields V a (e~ n *$) = V Q (ef*$) = are splitted linearly into 
background and a quantum parts. Background field quantization consists in use of gauge 
fixing which explicitly breaks the quantum gauge invariance while preserves manifest 
background gauge invariance. The procedure in NAC case is analogous to conventional 
one [S], [H] and means a replacement the point-products of superfields with the star- 
products. 

In next sections we consider the effective action induced by the quantum matter and 
gauge fields on a special background of U(l) vector multiplet superfield. 



4 The gauge invariant effective action induced by the 
matter in the fundamental representation 

We consider the theory with action ()13|) where the superfields $ are absent. For one- loop 
calculations we have to find a quadratic over quantum fields part of the classical action. 
After background-quantum splitting defined earlier one can obtain 

where the 'masses' are m = W$$($),m = VV^( < 1 ) ). 
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The one-loop correction to the effective action is formally given by the expression 

iT {1) = -lnDetff* = -TrlnF* = C'(0) , (16) 
where ('(0\H) = £'(e|if)| e= o and the zeta-function is defined as follows 

C(e|ff) = r ^jf dss^Trief*). (17) 

Here Tr is the superspace functional trace TrA = f d 8 zA(z, z')5 s (z — z')\ z / =z and el H * = 
1 + sH+ + ^-H^-kH^ + ... Further we follows the procedure proposed in [llj. Evaluating the 
effective action on the base of proper-time techniques consists in two steps: calculation 
of the heat kernel, finding the trace and then it renormalization. 

First of all we obtain the useful representation of the (- function t)17j). Separating the 
diagonal and non-diagonal parts of the operator H+ in ()17j) we rewrite the ^-function as 



/ / mV 2 \ /V 2 *V 2 

1 POO 

C(e\H) = -— / ds ■ s^ 1 Tr 
r (e) Jo 



S| mV 2 ) \ V 2 *V 2 , 



V 



- / d8z f wr 1 S ^ m)n t^ 2 ^ z - z% '=» + (v2 - y2) 

Here we used property d 8 z = d^zV 2 = d & zS7 2 and fulfilled integration by parts. Also we 
suggest that the 'masses' are slowly varying. The 'mass' dependence in fjTKJ) is accompa- 
nied by derivatives of the (anti)chiral kernels. It is convenient to separate these derivatives 
from 'masses'. It can be done by repeated integration by parts. Direct calculation with 
keeping in mind a limit e —>■ leads to the following representation of (^-function 

1 f°° 

Cm) = —-- J da- s ^e- m ^ (K + (s) + Jf_( a )) , (19) 

with the chiral and antichiral heat kernel traces defined as 

= \j d & zef+*V 2 5\z-z')\ z=zl ,K_(s) = ±f d 6 zef- *V 2 5 8 (z- z')\ z= , . (20) 

In above expressions we used the Laplace-type operators acting in the space of covariantly 
(anti)chiral superfields (□+$ = V 2 * V 2 * $, = V 2 * V 2 * 4>) 

□+ = □*- *W a *V a -*-(V a * W a ), □_ = a - iW* * V A - ^(V a * W & ) , (21) 

where □* = \V a " * V ad . Relations (El E3 ED} define the gauge invariant one-loop 
effective action for the theory under consideration. 

Further we will consider an approximation of a covariantly constant on-shell back- 
ground vector multiplet where the of effective action can be carried up the very end and 
a result can be expressed in a closed form. Such a background is defined as follows 

^aa * Wg = 0, V a * W a = 0. (22) 
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The one-loop contribution to the effective action is found using the methods formulated 
in the Refs [12], PI] and taking into account the property (jSJ) of the star-product. As a 
result one gets 

r M = --i- / d G zW 2 In ^ + c.c. 

C47T) 2 y . a (23) 



+ 



f ds-s e~ mrns [ d 8 z W 2 *W 2 * (JsAf, sAf) 

71") Jo J 



(4vr) 2 

where AfP = DaW 133 , Af? = D^W 13 and function ((x,y) has been introduced in [T2j 

V 2 * (cos* x — 1) — x 2 * (cos* -u — 1) , , 

x z -ky^ * (cos* x — cos* y) 

Thus, in the theory under consideration with the operators D± including only left star- 
products, the heat trace expansion and hence the effective action is completely defined 
by ones in conventional superfield theory, so the only difference is presence of ^-products 
in final results instead of ordinary products. 



5 Heat kernel and the effective action in the NAC 
SYM theory 

In this section we consider the one-loop contributions to the effective action of the gauge 
fields and ghosts. We study a theory with SU(2) gauge group broken to U(l) and assume 
that the background is described by on-shell Abelian superfield (J22J). 

5.1 Features of the background- quantum splitting in the NAC 
SYM theory 

We describe a structure of the background-quantum splitting in the NAC SYM model 
and point out a role of the operators T* s (JBJ) for the fields in an adjoint representation. 

Using the background-quantum splitting V — > e~ v Ve v and the standard gauge fixing 
function \ — V 2 t> leads to the following quadratic part of Af = 1/2 SYM action with 
SU (2) gauge group for the quantum superfield v (see jH] for some details in conventional 
superfield theory) 

si Z 9 e +af = -^Jd*zv*HW*v (25) 
where the operator H% has the form 

#W = □* - i{W a ,*V a } - i{W*,*V & } (26) 
Similarly, the quadratic part of the ghost action has the form 

S$L. = * / dh(c'c-c'c + bb) . (27) 

WW = 8 s a D 2 W 2 = S 5 a JV 2 



7 



where all ghost superfields are background covariantly (anti)chiral. The quantum super- 
field v and the ghost superfields c, c', b belong to Lie algebra su(2). It means that v = v a r a 
and the same true for the ghost superfields. Here r a = -^o a are the generators of su(2) 

algebra satisfying the relations [r a ,r b ] = i^/2e abc r c , ti{T a T b ) = 5 a b- 

Structure of the operator (j2E|) for the background belonging to the Abelian sub- 
group U(l) (in this case W = W 3 t 3 ) can be simplified because of the property of the star- 
operator T*. The operator (J25|) includes the term W a * V a . We write V a = D a —iT a 
and consider the term in containing only D a 

v{W, *Dv} = T a T c r\v a W c * Dv b ) + T a r b T c (v a Dv b * W c ) (28) 

= ~T a [T c ,T b ]v a [W c ,*Dv b ] + -T a {r c ,T b }v a {W c ,*Dv b } . 
As a result one gets 

tr {v{W a * D a v}) = tr (r a [r c , r 6 ]) v a W?T*D a v b + tr (r a {r c , r 6 }) v a W?T*D a v b , (29) 

where we have used the definitions T£,\ = |(* ± * _1 ) to rewrite the [W, and 
{W 7 , *.Dt>}. The last term in is equal to zero because of tr(r a {r c , r 6 }) = 0, while 
in the first term only component survives. After redefinition of the gauge field com- 
ponents v 1 and v 2 as follows x — ^(v 1 + ^ 2 )' X = "T^ 1 ~~ ^ rs ^ ^ erm can ^ e 
rewritten in the form 

V2 X W^D a x - V2xW£TZD a x , (30) 

while the v 3 component of the quantum superfield v = v a r a do not interact with the 
background and totally decouple. Above we have analyzed a contribution of the operator 
D a from operator V a in (126)) . Now let us consider a contribution of another term T a which 
forms together with D a the supercovariant derivative V a = D a — iT a . Its contribution to 
tr(v * if* * v) is given by 

tr(u*{W*[r,*T;]}) = ( 31 ) 
tr (±[ Tai T c }{T dl T b }\ v a [W c ,*[r d ,*v b \] +tr (~{T ,Tj~{r d ,T 6 }) ^ C ,*TW]} 



+tr [-{r a ,r c }-[r d ,r b ]\ v a {W c ,*{T d , W}} + tr I -[r ,r c ]-[r d ,r 6 ] 1 u a [W c , *{F*, . 

It is easy to see that the first and the third terms are equal to zero due to the trace 
properties of r-matrices. The second term is proportional to v 3 W a T*T a T*v 3 and will not 
give a contribution to the effective action, because of the property (JJJ) for star-operator 
T*. The last term together with (|3U|) can be rewritten as x[~ iWg i T*'V a ] X , where now 
V a = D a — iT a T*. Appearance of T* was stipulated by the adjoint representation. 

As a result we found that the contributions of v 3 - component of the quantum gauge 
multiplet totally decouple. Moreover, according to the property of T*-product, given in 
the Section 2, we see that theirs contributions the one-loop effective action are absent. 
Non-trivial contribution to the effective action is generated by the components v 1 and v 2 
or by their linear combinations x an d X- We want to emphasize that the action for the 
X, X corresponds to non- Abelian superfield model where the star-operator T* plays the 
role of an internal symmetry generator including whole star-structure of the initial theory. 
Further we study a construction of the heat kernel and the effective action of the theory 
under consideration generalizing the techniques [TU] for NAC superspace. 
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5.2 The heat kernels on the covariantly constant background 

Above we have shown that the second variational derivative of the action in sector of the 
superfields Xi X nas the form S^J uge+FG = J d 8 z xH*X where the operator H~ defined as 

= — iWTVs a - iWf V S6 , (32) 

and the notations = WT* and V* for D — iTT* were used. We define the Green 
function G(z, z') of the operator H* by the equation H*G(z, z') = —5 8 (z — z'). Then one 
introduces the heat kernel K x (z,z'\s) associated with this Green function as G(z,z') = 
Jq 00 ds K(z, z'\s) e~ es | e ^ + o. It means that formally K x (z,z'\s) = e sH *S 8 (z — z'). The one- 
loop contribution of the gauge superfields to the effective action is proportional to Tr(K x ) 
and gauge invariant due to the gauge transformation law 

K x (z,z')^^K x (z,z'\s)er A ^. 

We rewrite the kernel K x in the form 

K x (z, z'\s)= e ^-iW?v ia -iW?v i& ) x {6 s {z _ zl)) ^ (33) 

where bi-scalar I(z, z') satisfies the equation Ca{z, z')'V^I(z, z') = and boundary condi- 
tion I(z, z) = 1. Further we will use the techniques developed in [TU] adopting it to the 
NAC superspace. 

In order to calculate (jHHJ) we, first of all, write the operator H* (j32|) as follows H* = 
□i + V where V = — zWj*Vj q — iW~Vza and decompose the operator e sH * as 

e s(D i+ v) = . . . x ^mo^+ilo^M^l^v^sV^D, _ ^ 

It follows from Q that for ViaaW+p = the first commutator becomes 

[□*, V] = (tW a T;w„ + iW & TZW a )TZVf = , (35) 

because of the property W a (* + *~ 1 )W'(i = —Wai*~ l +*)W a which is valid for the chosen 
Abelian background. This identity leads to convenient factorization of the kernel in the 
form (see JU] for details in conventional superfield theory) 

K x (z,z'\ S ) = U i (s)K((\s)( 2 ( 2 I(z,z'), U,(s) = e -^v» tt+ «?*» 4 ) . (36) 

Here we have used the chiral basis with coordinates (y aa , 8 a ,6 a ) for calculations and the 
presentation S 8 (z — z') = S A (( aa )( 2 ( 2 . The translation invariant interval components 
( A (z, z') in the chiral basis are defined by 

The Schwinger type heat kernel K((\s) in (jHEJ) can be calculated by the various meth- 
ods and it is well known 

K(C\s) = ^exp(--trln;^^)e-^ c °^ , (37) 
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where F^? = S^fP + 5@f? and f£, f? are the spinor components of the Abelian strengths 
F mn 4 . The contraction over indices in the right exponent goes only for ( aa components. 
The functions fz(x) are given as an expansion = ^~r( x T£ {%T* (...T* x))). 

Next step of calculations is obtaining the action of the operator C/*(s) in (|36|) . This 
operator contains covariant derivatives which act on the interval components U*(s)( A = 
( A (s)U±(s). Hence we should consider the adjoint action of U on ( A . Introducing the 

notation M~ a = V* a Wj , = Vz&W- we have for adjoint action U on the interval 
components 

(—isAf- 1 \ a ( —isj\f~ 

6 ^~ J , C(s) = C + Wi ( 6 ^ ■ ) . (3S 

C -( s ) = C - + f dr^(r)C (r) , (39) 
Jo 

where W a (s)i = W? (e- isN ~*) a p . 

Next step is calculation of U±I(z, z') in (J36|) . To do that we write a differential equation 

i^Ui(s)I(z,J) = C4( S )(M/ 5 V s + ^V i )C/^ 1 ( S )[/ ^ ( S )/(^,^ , ) (40) 

and solve it. Thus, we should construct the operators V*a(s) and act on I(z, z'). We pay 
attention that the procedure of calculations, we discuss here, preserves manifest gauge 
invariance. Therefore, to simplify the calculations, we can impose any appropriate gauge 
on background superfield. The treatment with I(z, z') are very much simplified under 
conditions I(z, z') = 1 which is equivalent to the Fock-Schwinger gauge ( A * T±a = or 
V*aI(z, z') = —U(z, z')T*a (see details in JTOJ for conventional superspace theories). 

If in the chiral basis we have a supercovariant derivative V-^ in the point z', then the 
super covariant derivative V* satisfying the Fock-Schwinger gauge in point z has the form 

= e + i y' m Q™+ id 'Q e + f9 'Q e +y a ^' i ^+ ea v' iae + ^ x (41) 

(V' ) x e y' l30d 00+ 9 ' aD ^ e ^''"D &e -^% $e -y^v' ia& -e«v' iae -ie'Q e -iy'™Q m -ie'Q 

The relation (j4*Tf leads to explicit expressions for the connections in the Fock-Schwinger 
gauge: 

%$-D0 = -tT i$ = O, (42) 

First of these relations is the consequence of the supercovariant derivative forms in the 
chiral basis ©. Using (|42j) one can find the solution of the equation (|4U|) in the form 

l7*( S )I(z, z') = exp, (i J' dr{ l -W ip {r)^{r)W' ip + Vf(r)(,(r)(V)^, (43) 

, / \W 

4 Also we point out the useful equation Vi aa K + I Jf_, ) Crr^K = 0, which allows us to get any 
order derivatives of the Schwinger type kernel. 
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Substituting the ( A (s) (|35|) and U*I(z, z') (f^Hj) into and taking into account (J37)l 
one gets finally the kernel 

K x (z, z'\s) = K(C\s) C 2 (s)C 2 (s)t4(s)/(^ z') . (44) 

determining the effective action. 

Now we discuss a structure of kernels corresponding to the ghost or to any adjoint 
chiral matter contribution to the effective action. First of all we point out that the 
following relations take place in on-shell Abelian background 

V 2 e^ = V 2 e sV ^ = e^M^l = e^ + V 2 , (45) 

V 2 e sH? = V 2 e ,V?V? = e sV?V? v 2 = (4g) 

Let us introduce the chiral and antichiral heat kernels 

K + {z,z'\s) = VlK x (z,z'\s) = V'?K x (z,z!\s), (47) 

K^z,z'\s) =VlK x (z,z'\s) = V i 2 K x (z,z'\s) . 

The functions G±(z, z') defined as G±(z, z') = J °° ds K±(z, z'\s) e~ £S | e ^ +0 satisfy the 
equations \3*±G±(z, z') = —5±(z,z') where C±± are the (anti)chiral d'Alambertians de- 
pending on background superfield in NAC superspace. It means that the functions (j4T|) 
are the kernels associated with the operators D*±. Namely these kernels determine the 
one-loop contribution to the effective action from any chiral matter in the adjoint repre- 
sentation. Since the kernels (}4Tj) are from the kernel K x we can substitute (|4^|) into (|4T|) 
and find these kernels 

K + (z, z'\s) = % 2 K X = -KiClsX^U.is) I(z, z') (48) 

K4z, z'\s) = V'iK x = -K(C\s) FW^^'WMUiis) I(z, z') . (49) 

These relations determine a contribution of the chiral adjoint matter including ghost 
superfields into the one-loop effective action. 

In next subsection we consider heat traces associated with the heat kernels (J441 14*81 
l4*9*j) and, particularly, coefficient 02 in the Schwinger-De Witt expansion of the low-energy 
effective action. 

5.3 Gauge fields and ghosts contribution to the effective action 
SU{2) SYM theory 

The one-loop contribution to the effective action for NAC SYM theory is defined with 
the help of the ^-functions Cx,±( e ) corresponding to the operators H*, D*± respectively 

r (1) = rf + v% sts . (so) 
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Here is pure SYM contribution and T^ osts is ghost contribution. Each of these 
contributions is calculated via function ('(0). In its turn, the (^-functions are given by 
integral representations 

&±(E)= f^r^ M '^ ( ^ <5i) 

where fi is the normalization point and Tr is an inherent functional trace. 

General structure of K Xi ±(z, z'\s) was discussed in the Subsection 5.2 (see (|4*^ l4T ^l4T?|) ). 
One can show that Tri^ x (s) does not contain the holomorphic contributions and, hence, 
the one-loop divergent contributions to the complete effective action ()50|) is determined 
exclusively by the ghosts as in the conventional case [H|. 

To construct the divergent part of the effective action we should consider the behavior 
of K±(z, z'\s)\ z i =z at small s. As usual, the kernel expansion looks like K±(z,z\s) ~ 
■^(a (z, z) + sai(z, z) + s 2 a 2 (z,z) + . . .) The coefficient a 2 (z, z) is responsible for the 
divergences. Exact form of the kernel K±(z, z'\s) is given by f)48l I4UJ) . The only thing 
we should do is to study its behavior at small s. One can show that the coefficients 
a Q (z,z) = 0, ai(z, z) = 0. The coefficient a?,{z, z) includes the products of some number 
of W a , some number of superintervals ( A and some number of star-operators T* acting 
on the intervals and superstrengths. Using the explicit form (jHJ) of the operator T* one 
can show that the final expression for a 2 (z, z) is a sum of one for conventional superfield 
theory plus a total derivative with respect to the variable 8 a which is stipulated by action 
of the operator T* on the superinterval ( A . As a result one obtains 

d e za 2 (z,z\s) ~ / ' d 6 zW a W a (52) 



It leads to the divergent part of the effective action in the form 

r£i = -\-J^J d 6 zW a W a \n^ 2 . (53) 

We see that the one-loop divergences on the Abelian background are analogous to classical 
action what provides renormalizability. 

The finite parts of the effective action is analyzed by known methods (see e.g. |12j) 5 . 
As a result one obtains 

r« = ^~ 2 jd 8 z J™ dss e— 2 Wm (54) 
cosh(sA^) - 1 cosh(sM) - 1 s 2 (AT| - A7|) 



(sA/i) 2 (sAfi) 2 cosh(sAfi) - cosh(sA/'s) ' 

The finite part of the chiral contributions in the effective action can be written in terms 
of the function 



rgL. = jl^j d " z J™ ds ^W'WiUsAf;, sAf.) (55) 

Here m is an infrared regulator mass. 

As a result, the one-loop effective action on the covariantly constant Abelian back- 
ground is exactly calculated on the base of manifestly gauge invariant techniques in the 
NAC superspace. We emphasize a role of the star-operator T* for the theories with fields 
in the adjoint representation. 

5 We pay attention here only on aspects associated with ^-structure of the theory 
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6 Summary 



We have constructed a general procedure of calculating the effective action for SYM theory 
coupled to matter in M = 1/2 nonanticommutative superspace. The model is formulated 
in terms of ^-product (j3J) associated with the parameter of nonanticommutativity C af3 (fT|) 
and preserves a half of initial M = 1 supersymmetry. The effective action is formulated 
in framework of superspace background field method. 

We developed a proper-time techniques in Af = 1 superspace consistent with gauge 
invariance and ^-structure of the theory under consideration. Superfield heat kernel de- 
termining the structure of the one-loop effective action has been introduced for the matter 
in the fundamental and adjoint representations for SU(2) SYM theory. 

The procedure for one-loop effective action calculation has been described. We have 
applied this procedure to finding the low-energy effective action for the matter in the 
fundamental representation in an external constant Abelian vector multiplet background 
(f2~2~j) and for the Af = 1/2 SYM model with gauge group SU{2) spontaneously broken 
down to U(l). It was shown that in case of matter in fundamental representation the 
low-energy effective action (}2*3*j) is obtained from the corresponding effective action for 
the conventional A/" = 1 superfield theory by inserting the ^-products instead of ordinary 
point-products. In case of SYM theory, the effective action (J5l|) . (|55|) is also constructed 
on the base of the effective action for the conventional SYM theory, where however the 
products are given in terms of the special star-operator T* (JHl) introduced in the paper. 
We found that the models under consideration the effective action is gauge invariant and 
written completely in terms of ^-product and hence the classical ^-product does not get 
any quantum corrections. 
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